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A B S T R A C T

Noise is a form of pollution resulting from the undeniable increase in industrialization worldwide. Conse-
quently, it is becoming increasingly important to understand the underlying mechanisms and potential effects
of noise on ecosystems. In this study, we propose a deterministic mathematical model that uses a system
of nonlinear, non-autonomous differential equations to describe the population dynamics of a single species
exposed to noise. The Lombard effect is a phenomenon that involves increasing the intensity of acoustic signals
in response to noise, which can mask and degrade acoustic signals and prevent them from being recognized
or discriminated by their target receivers. However, when the anthropogenic noise is chronic and critical (i.e.,
that by its long duration and high intensity positively affects the mortality rate), the increase in the intensity
of acoustic signals (due to the Lombard effect) only increases the chronic critical anthropogenic noise and
also increase energetic, behavioral and predation costs. Therefore, the critical noise generated by the use of
higher intensity acoustic signals (due to the Lombard effect) together with the chronic critical anthropogenic
noise, negatively affect population survival. We analyzed the persistence of the population and found that
our results are consistent with the observed ecological data as they suggest that, the maximum intensity level
of critical chronic anthropogenic noise, consequently, by the Lombard effect, the maximum intensity of self
generated acoustic signals, must decrease to ensure population persistence. However, when the maximum
intensity level of critical chronic anthropogenic noise is uncontrollable, it is sufficient to reduce its mean
intensity level to ensure persistence in the population mean. Furthermore, decreasing the degree to which
noise affects the population favors the survival of the species. Finally, to validate our results, we performed
numerical simulations.
1. Introduction

The soundscape is all the sounds existing in our environment and
is composed of three types of sounds produced by three different
sources: Anthropogenic, Biological and geophysical (Krause, 2008; Fa-
rina, 2014). For instance, sounds produced by anthropogenic sources,
such as cars, airplanes, and factories, are called anthropophony (McGre-
gor et al., 2013). Those produced by biological sources, such as animal
songs, are called biophony (Pijanowski et al., 2011a). The sounds
produced by any geophysical source, such as sounds caused by rain or
wind, are called geophony (Pijanowski et al., 2011b).

Sounds that exceed acceptable thresholds so as not to interfere with
communication between individuals or their activities relevant to their
survival (permissible sound intensity limit) are called noises (Algers
et al., 1978). However, although the permissible sound intensity limit
is generally considered to be 90 dB (Pienkowski and Eggermont, 2010),
susceptibility to noise hearing depends on the species and has been
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shown to be genetically determined (Henry, 1992; Lanier et al., 2000).
For example, annoyance thresholds for cattle have been observed be-
tween 90 and 100 dB, with physical damage to hearing at 110 dB and
above (Phillips, 2009), and in birds, annoyance thresholds have been
observed between 95 and 100 dB (Algers et al., 1978).

In particular, noises produced by anthropogenic sources are consid-
ered to be anthropogenic noises (Moudon, 2009). The World Health
Organization, the European Commission Marine Strategy Framework
Directive, and international legislation such as the U.S. National En-
vironmental Policy Act state that anthropogenic noise is one of the
most dangerous forms of pollution, becoming omnipresent in terres-
trial, aerial and aquatic ecosystems (Simpson et al., 2016; Kunc and
Schmidt, 2019; World Health Organization, Copenhagen, 2011). Thus,
anthropogenic noise acts as a sound that masks the acoustic signals
of animals, negatively affecting communication, distribution and for-
aging (Slabbekoorn et al., 2018; Dooling et al., 2009; Erbe et al.,
vailable online 21 May 2022
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2016; Römer, 2013; Sueur and Farina, 2015; De Vincenzi et al., 2021;
Goldbogen et al., 2013; Goodwin and Shriver, 2011; Hildebrand, 2009;
Parris and Schneider, 2009; Slabbekoorn and Peet, 2003; Popper and
Hawkins, 2016). However, at the population level, direct evidence of
its effect on survival is rare. This is because, for example, as animals
move away from anthropogenic noise sources and their distance from
the emitting source increases, exposure levels lower, and their effects
are less severe (Richardson et al., 2013; Hawkins and Popper, 2017).
However, although these effects are less severe at the individual level,
the potential effects at the population or community level may increase
because the number of exposed individuals also increases (Babisch,
2002). The permissible sound intensity limit is critical when the effects
of chronic anthropogenic noise (now critical) on mortality are negative.
Correlating evidence suggests that naval sonar causes the stranding of
beaked whales, thus increasing their mortality (Filadelfo et al., 2009).
Noise above 100 dB from ships negatively affects predator avoidance
behavior in damsel fish, thus increasing their predation-induced mor-
tality (Simpson et al., 2016) and negatively affecting the early survival
of marine invertebrates by increasing the mortality of newly hatched
larvae (Nedelec et al., 2014). Chronic noise above 65 dB from traffic
affects growth rates and embryo mortality in zebra finches (Potvin
and MacDougall-Shackleton, 2015). Therefore, the effects of chronic
anthropogenic noise on ecosystems are increasing as they tend to cause
a decrease in species richness and population size (Kunc et al., 2016;
Kight and Swaddle, 2011).

On the other hand, in response to increased ambient noise, animals
increase the intensity of their acoustic signals. This phenomenon is
known as the Lombard effect (Lombard, 1911; Sinnott et al., 1975; Katti
and Warren, 2004). The Lombard effect in animals such as mammals,
fish, and birds has been mostly limited to short-term studies and sug-
gests a positive effect on population survival. This is because acoustic
communication is often limited by the effects of noise, which masks and
degrades the acoustic signals; thus, by increasing the intensity of these
signals, the animals continue to be recognized or discriminated by their
target receivers (Luo et al., 2018; Holt and Johnston, 2014; Holt et al.,
2009; Helble et al., 2020). However, when chronic anthropogenic noise
is critical, the use of higher intensity self-generated acoustic signals not
only increases the noise, but also the energy costs of signaling (Brack-
enbury, 1979; Calder III, 1990; Oberweger and Goller, 2001; Warren
et al., 2006; Barber et al., 2010; Read et al., 2014; Brown et al., 2021).
Such increases in intensity are also linked to behavioral costs (Swaddle
et al., 2015; Farina and Gage, 2017). Moreover, other factors, such as
detection by unwanted receptors (e.g., predators), also contribute to
the cost of intensity increase (Zollinger and Brumm, 2015; Brumm and
Todt, 2002; Brumm, 2004; Luczkovich et al., 2016). Therefore, in the
exposure to critical chronic anthropogenic noise, the increase in the
intensity of acoustic signals, as a result of the Lombard effect could
negatively influence survival rates of animals (Sementili-Cardoso and
Donatelli, 2021).

Existing mathematical models that study noise as an important
factor in population dynamics consider noise a stochastic factor (Vilar
and Solé, 1998; Spagnolo et al., 2003; Upadhyay et al., 2007; Das and
Samanta, 2018). However, these models do not consider the thought
that when noise exceeds a permissible limit, the use of higher intensity
of acoustic signals, due to the Lombard effect, increases energetic,
behavioral, and predation costs, which could negatively influence the
persistence of animals in noisy environments. To our knowledge, there
is no literature on deterministic mathematical models describing the
negative effects of anthropogenic noise and the Lombard effect on the
population dynamics of a species.

This paper presents a new deterministic mathematical model con-
sisting of a system of nonlinear, non-autonomous differential equations
to describe the population dynamics of a single species exposed to
chronic noise. We assume, that the chronic noise is critical, that is,
it exceeds a critical permissible sound intensity limit, the limit up
2

to which the noise does not affect the population mortality rate. In 𝑟
the model, noise is generated by a chronic and critical anthropogenic
noise source and in response, due to the Lombard effect, a biological
source that emits acoustic signals of increased intensity by conspecifics,
thus increasing energetic, behavioral and predation costs that in the
long-term negatively affect population survival. Population density is
negative related to the noise intensity to which the population is
exposed through a mortality rate response equation with respect to
noise (Filadelfo et al., 2009; Simpson et al., 2016; Nedelec et al., 2014;
Potvin and MacDougall-Shackleton, 2015; Sinnott et al., 1975; Katti
and Warren, 2004; Oberweger and Goller, 2001). Therefore, this study
aimed to analyze the effects of noise on the population persistence
of a single species experiencing the Lombard effect. More specifically,
we tried to answer the following question: What are the sufficient
conditions for the model parameters to guarantee the persistence of the
population when exposed to noise?

Our results are discussed together with ecological data, suggesting
that the maximum intensity level of critical chronic anthropogenic
noise, consequently, by the Lombard effect, the maximum intensity
of self-generated acoustic signals, must decrease to ensure population
persistence. However, when the maximum intensity level of critical
chronic anthropogenic noise is uncontrollable, it is sufficient to reduce
its mean intensity level to ensure persistence in the population mean.
Furthermore, decreasing the degree to which noise affects the popula-
tion favors the survival of the species. Finally, to validate our results,
we performed numerical simulations.

2. Model formulation

We considered a population of biological species in which the
mortality rate is positively affected by noise. Individual organisms in
the population were assumed to be identical and uniformly distributed
in their habitats. The state variables of the model are non-negative
functions of time 𝑁(𝑡) and 𝐼(𝑡), denoting the population size and
hronic noise intensity to which the population is exposed at time 𝑡,
espectively.

.1. Population growth

Considering the positive constants 𝑏0, 𝑏1, 𝑑0, and 𝑑1 (𝑏0 > 𝑑0),
(𝑁) = 𝑏0 − 𝑏1 𝑁 and 𝐷(𝑁) = 𝑑0 + 𝑑1 𝑁 are thought to be the linear

epresentations (for abundance) of the respective population birth and
eath rates. Then, in the absence of noise or when the noise has not
eached or has still not reached a certain threshold, 𝑁(⋅) follows the
lassical logistic equation 𝑁 ′ = (𝑟0−𝜆𝑁)𝑁 for 𝑡 ≥ 0, where 𝑟0 = 𝑏0−𝑑0 >
is the intrinsic growth rate, and 𝜆 = 𝑏1 + 𝑑1 represents the per capita

oss of growth due to intraspecific competition.
We assume that the critical limit of permissible noise intensity is

𝜇 , a limit up to which the noise does not affect the mortality rate of
he population. Thus, when 𝐼 ≤ 𝐼𝜇 , the population follows classical
ogistic growth. Implicitly, this is explained by the positive effect of
he Lombard effect, that is, the population increases the intensity of
ts songs to maintain a constant signal to noise ratio. Otherwise, when
> 𝐼𝜇 (called critical noise, which from now on we will simply call now
oise). Implicitly, this is, the noise has a positive effect on mortality
ate. Thus, increase in the intensity of acoustic signals (due to the
ombard effect) only increases the chronic critical anthropogenic noise
nd also increase energetic, behavioral and predation costs. Therefore,
he noise generated by the use of higher intensity acoustic signals (due
o the Lombard effect) together with the chronic critical anthropogenic
oise, negatively affect population survival. Thus, the noise intensity
xperienced by the population increases the per capita mortality rate
roportionally to the noise by an amount 𝑑 > 0 for each unit of noise;
.e., �̃�(𝑁, 𝐼) = 𝐷(𝑁) + 𝑑𝐼 . Thus, the new per capita growth rate, as a
unction of noise and population size, is 𝑟(𝑁, 𝐼) = 𝐵(𝑁) − �̃�(𝑁, 𝐼) =

0 − 𝑑𝐼 − 𝜆𝑁 , which explicitly depends linearly on 𝐼 . Therefore, the
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population dynamics of this phenomenon can be described by the
following equation of logistic type:

𝑁 ′(𝑡) = 𝑟(𝑁, 𝐼)𝑁 = (𝑟0 − 𝑑𝜒(𝐼 − 𝐼𝜇)𝐼 − 𝜆𝑁)𝑁 (1)

where the function 𝜒 ∶ R ⟶ {0, 1}, is defined as 𝜒(𝐼 − 𝐼𝜇) = 0 when
𝐼 ≤ 𝐼𝜇 and 𝜒(𝐼 − 𝐼𝜇) = 1 when 𝐼 > 𝐼𝜇 , with the new intrinsic growth
ate given by 𝑟0 − 𝑑𝐼 .

.2. Noise intensity

Sound intensity can be classified into physical (or exposed) and
uditory (or perceived) intensities. The physical intensity, measured
n watts per square meter (𝑤∕𝑚2), is given by the equation 𝐼 = 𝑃∕𝐴,

where 𝑃 denotes the transmitted power per unit area 𝐴 perpendicular
to the direction of propagation of the acoustic wave at a point in the
acoustic field. Auditory intensity, measured in dimensionless decibels
(𝑑𝐵), is given by the equation 𝐿 = 10 log

(

𝐼∕𝐼∗
)

, where 𝐼∗ denotes
the minimum physical intensity audible to an individual. This last
equation is based on the Weber–Fechner psychophysical law (Dehaene,
2003), which establishes a logarithmic relationship between the physi-
cal intensity of sound 𝐼 and the minimum physical intensity audible to
individual 𝐼∗.

Auditory intensity is the most common method to measure sound.
However, unlike physical intensity, the sum of the decibels does not
occur in a linear manner. For example, the sum ⊕ of decibels 𝐿1 and
𝐿2, is given by 𝐿1 ⊕ 𝐿2 = 10 log(10𝐿1∕10 + 10𝐿2∕10). For this reason, in
this article, we considered our state variable 𝐼 as the measured physical
intensity, and called it intensity.

2.3. The Lombard effect

Previous research has shown that in several species of birds, mam-
mals, and fish, the intensity of their acoustic signals may increase in
response to increased ambient noise to compensate for the masking
of acoustic signals by this noise (Brackenbury, 1979; Calder III, 1990;
Oberweger and Goller, 2001; Warren et al., 2006; Barber et al., 2010;
Read et al., 2014; Brown et al., 2021). Thus, according to the Lombard
effect, the intensity of an individual’s song increases as the intensity
of noise increases. However, owing to physiological limitations, the
song intensity is limited. Therefore, the function intensity of the song
emitted by a conspecific per unit time in response to an environmental
intensity 𝐼 , denoted by 𝛽(𝐼), must be positive, increasing, and bounded.
In mathematical terms:

𝛽(𝐼) > 0, 𝜕𝛽∕𝜕𝐼 ≥ 0, ∀𝐼 > 0 and 𝛽∗ ∶= sup
𝐼>0

𝛽 > 0. (2)

2.4. Noise intensity variation

Given an instant 𝑡 and a time variation of 𝛥𝑡, to calculate the
variation in the noise intensity 𝛥𝐼 = 𝐼(𝑡 + 𝛥𝑡) − 𝐼(𝑡) at the extremes
of the time interval [𝑡, 𝑡+𝛥𝑡], it should be noted that the noise intensity

(a) Increases with:

(a.1) The noise intensity 𝛼𝐹 (𝑡) emitted by an anthropogenic
source: The function 𝐹 (𝑡) represents the noise intensity
measured in situ per unit time and is assumed to be bounded
by sup𝑡∈[0+∞) 𝐹 (𝑡) = 𝑓 ∗. The adimensional parameter 𝛼 > 0
is negatively correlated with the distance (average) of the
population to the source.

(a.2) The higher intensity acoustic signals 𝛽(𝐼)𝑁 emitted by the
biological source, that is, by the total song or population
song, that is, the sum of the songs of conspecifics.

(b) Decreases with the different atmospheric attenuation mechanisms
𝛾𝐼 , where 𝛾 > 0 is the attenuation coefficient per unit time.
3

Thus, the following noise intensity balance equation is obtained:

𝐼(𝑡 + 𝛥𝑡) = 𝐼(𝑡) + 𝛼𝐹 (𝑡)𝛥𝑡 + 𝛽(𝐼)𝑁(𝑡)𝛥𝑡 − 𝛾𝐼(𝑡)𝛥𝑡. (3)

onsidering 𝛥𝐼∕𝛥𝑡, when 𝛥𝑡 → 0, we obtain:
′(𝑡) = 𝛼𝐹 (𝑡) + 𝛽(𝐼(𝑡))𝑁(𝑡) − 𝛾𝐼(𝑡). (4)

.5. Differential model

Therefore, a mathematical model describing the dynamics of the
bundance of a species exposed to noise emitted by an anthropogenic
ource and the self-generated (biological) species is formulated by the
ollowing system of differential equations:
{

𝑁 ′ =
(

𝑟0 − 𝑑𝜒(𝐼 − 𝐼𝜇)𝐼 − 𝜆𝑁
)

𝑁
𝐼 ′ = 𝛼𝐹 (𝑡) + 𝛽(𝐼)𝑁 − 𝛾𝐼,

(5)

efined in the time interval [0,∞), with positive initial conditions given
y 𝑁(0) = 𝑁0 > 0 and 𝐼(0) = 𝐼0 > 0. The definitions and units of the
ariables and parameters of model (5) are summarized in Table 1.

. Model analysis and results

This section introduces some of the necessary notations and defi-
itions. We then show that model (5) behaves well; namely, given an
nitial state, it determines a unique, positive, and bounded trajectory.
inally, we present the main results of this research, which characterize
he dynamic behavior of the population size by parametric conditions.

Note that the right-hand side of model (5) is discontinuous, thus
dmitting a solution analysis in a Carathéodory sense. In the intervals
here 𝐼 ≤ 𝐼𝜇 , the first equation of model (5) becomes the well-known

ogistic equation. The logistic equation has a unique positive and
ounded solution and the population persists if 𝑟0 > 0. Then, interesting
ynamics occur in the intervals where the population experiences noise,
hat is, when 𝐼 > 𝐼𝜇 . In this study, we focused only on the case in which
he population always experiences noise. For this, we set 𝐼𝜇 = inf 𝐼 , so
hat 𝜒 = 1 for all 𝑡 > 0.

.1. Notations and definitions

Given a real-valued function 𝑥(⋅), defined over a domain [0,∞), we
enoted simplicity ⟨𝑥(𝑡)⟩ as its average over the interval [0, 𝑡]. In other
ords:

𝑥(𝑡)⟩ = (1∕𝑡)∫

𝑡

0
𝑥(𝑠) 𝑑𝑠, 𝑡 > 0. (6)

efinition. Given a population and a corresponding abundance func-
ion 𝑁(⋅) defined in [0,∞), we say that the population is

• Persistent, if there exist constants 𝛼1 > 0 𝑦 𝛼2 > 0 such that
0 < 𝛼1 ≤ lim inf 𝑡→+∞ 𝑁(𝑡) ≤ lim sup𝑡→+∞ 𝑁(𝑡) ≤ 𝛼2 < +∞.

• Mean Persistent, if there is a constant 𝑀 > 0 such that 0 <
lim sup𝑡→+∞⟨𝑁(𝑡)⟩ ≤ 𝑀 < +∞.

• Moving towards extinction, if lim𝑡→+∞ 𝑁(𝑡) = 0.

Note that it follows from these definitions and rule of L’Hospital’s
hat, for a given population, persistence implies persistence at the
ean.

.2. Uniqueness, positivity and boundedness

As we are concerned about a biological phenomenon, we must
onsider certain regularities in the solution of the ODE system given by
5), such as uniqueness, positivity, and boundedness. In the following
heorem, we prove the existence of a solution that satisfies these
egularity parameters.
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Table 1
Biological meaning of variables and parameters.

Symbol Definition Unit

𝑁 Population abundance 𝑛
𝐼 Noise intensity to which an individual is exposed 𝑤∕𝑚2

𝐹 (𝑡) Anthropogenic noise intensity at time 𝑡 𝑡−1(𝑤∕𝑚2)
𝛽(𝐼) Intensity of the song emitted by a conspecific with Lombard effect 𝑡−1𝑛−1(𝑤∕𝑚2)
𝑟0 Intrinsic growth rate 𝑡−1

𝑑 Degree to which noise affects the population 𝑡−1(𝑤∕𝑚2)−1

𝜆 Intraspecific competition coefficient 𝑡−1𝑛−1

𝛾 Noise attenuation coefficient for different atmospheric mechanisms 𝑡−1
Theorem 3.1. Given the constants 𝑁0 > 0 and 𝐼0 > 0, for the ODE system
given by (5), there exists a solution (𝑁(⋅), 𝐼(⋅)) such that (𝑁(0), 𝐼(0)) =
(𝑁0, 𝐼0), which is (a) unique, (b) positive, and (c) bounded.

Proof.

(a) As for 𝜒 = 1, with 𝑡 > 0, the right-hand side of model (5) is
completely continuous and locally Lipschitzian; there is a unique
solution (𝑁(⋅), 𝐼(⋅)) defined on [0, 𝑎), where 0 < 𝑎 ≤ +∞ (see Hale
and Lunel, 2013).

(b) For 𝑁0 > 0, from the first equation of model (5), we have:

𝑁(𝑡) = 𝑁0 exp
{

∫

𝑡

0
{𝑟0 − 𝑑 𝐼(𝑠) − 𝜆𝑁(𝑠)} 𝑑𝑠

}

> 0, 𝑡 ≥ 0. (7)

Below, we show that 𝐼(𝑡) > 0 for 𝑡 ≥ 0. By contradiction, suppose
there exists a first instant 𝜏 ∈ [0, 𝑎) in which 𝐼(𝜏) = 0, and the
differentiability forces 𝐼 ′(𝜏) ≤ 0. However, the existence of such
a case is contradicted by the second equation of model (5), as
𝐼 ′(𝜏) = 𝛼𝐹 (𝜏) + 𝛽(0)𝑁(𝜏) > 0. Therefore, 𝐼(𝑡) > 0 for 𝑡 ≥ 0.

(c) From the first equation of model (5), we have 𝑁 ′(𝑡) < (𝑟0 −
𝜆𝑁(𝑡))𝑁(𝑡). Subsequently, using the comparison principle, we ob-
tain lim sup𝑡→+∞ 𝑁(𝑡) < 𝑟0∕𝜆. However, from the second equation
of the model, 𝐼 ′(𝑡) ≤ 𝛼𝑓 ∗ + 𝛽∗𝑁 − 𝛾𝐼 . Then, by the principle of
comparison, we obtain

lim sup
𝑡→+∞

𝐼(𝑡) < 𝛬𝐹 + 𝛬𝛽 , (8)

where 𝛬𝐹 = 𝛼𝑓 ∗∕𝛾 represents the equilibrium at which the an-
thropogenic noise intensity stabilizes if there is a source emitting
at the top (𝑓 ∗) and no population is present. Similarly, 𝛬𝛽 =
𝛽∗(𝑟0∕𝜆)∕𝛾 is the equilibrium biological sound intensity result-
ing from population singing in the absence of an anthropogenic
noise source but with the population at its carrying capacity
permanently singing at maximum capacity (𝛽∗). □

3.3. Persistence and extinction

We now present the most important results of this research. Suf-
ficient conditions were provided to test the model parameters for
population survival.

Theorem 3.2. If 0 < 𝑓 ∗ < 𝑟0∕𝛼 {𝛾∕𝑑 − 𝛽∗∕𝜆}, then 𝛽∗ < 𝛾𝜆∕𝑑 and the
population persists.

Proof. From In Eq. (8), we have that for any 𝜀 > 0, there exists 𝑡0 > 0
such that 𝐼(𝑡) < 𝛬𝐹 + 𝛬𝛽 + 𝜀, for 𝑡 > 𝑡0. Then, from the first equation
of model (5), we obtain 𝑁 ′ ≥

{

𝑟0 − 𝑑
(

𝛬𝐹 + 𝛬𝛽 + 𝜀
)

− 𝜆𝑁
}

𝑁 , 𝑡 > 𝑡0.
From this hypothesis, we obtain  ∶= 𝑟0 − 𝑑

(

𝛬𝐹 + 𝛬𝛽
)

> 0. We can
choose 𝜀 small enough, such that −𝑑𝜀 > ′ > 0, for a certain positive
′ that exists for the density of real numbers. Thus, 𝑁 ′ >

(

′ − 𝜆𝑁
)

𝑁 .
Then by a principle of comparison we obtain:

lim inf
𝑡→+∞

𝑁(𝑡) > ′∕𝜆. □ (9)

The results of Theorem 3.2 indicate that it is easier for the pop-
4

ulation to survive with a lesser degree of noise affectation 𝑑. Higher
growth rates 𝑟0 and noise attenuation 𝛾 are more useful for population
survival.

When 𝑓 ∗ ≥ 𝑟0∕𝛼 {𝛾∕𝑑 − 𝛽∗∕𝜆}, the conclusions of the following
theorem provide sufficient conditions that guarantee persistence at the
mean and, in the worst case, extinction of the population.

Theorem 3.3.

(a) If lim inf 𝑡→+∞ ⟨𝐹 (𝑡)⟩ < 𝑟0𝛾∕𝛼𝑑, the population persists at its mean.
(b) If lim inf 𝑡→+∞ ⟨𝐹 (𝑡)⟩ ≥ 𝑟0𝛾∕𝛼𝑑, the population will become extinct.

Proof.

(a) If what is stated in Theorem 3.3 is false, that is,
lim sup𝑡→+∞⟨𝑁(𝑡)⟩ = 0, it is concluded that lim𝑡→+∞⟨𝑁(𝑡)⟩ = 0.
This results in a contradiction. First, we proved that
lim inf 𝑡→+∞⟨𝐼(𝑡)⟩ < 𝑟0∕𝑑. Integrating the second equation in model
(5) over [0, 𝑡), 𝑡 > 0, we can rewrite:

{𝐼(𝑡) − 𝐼0}∕𝑡 = 𝛼⟨𝐹 (𝑡)⟩ + ⟨𝛽(𝐼)𝑁(𝑡)⟩ − 𝛾⟨𝐼(𝑡)⟩. (10)

As 𝛽(⋅) is bounded, lim𝑡→+∞⟨𝛽(𝐼)𝑁(𝑡)⟩ = 0. Then, applying the
lower limit to both sides in Eq. (10), we obtain:

lim inf
𝑡→+∞

⟨𝐹 (𝑡)⟩ = (𝛾∕𝛼) lim inf
𝑡→+∞

⟨𝐼(𝑡)⟩. (11)

Therefore, lim inf 𝑡→+∞⟨𝐼(𝑡)⟩ < 𝑟0∕𝑑, is an immediate consequence
of the hypothesis of the theorem. Dividing the first equation in
model (5) by 𝑁(𝑡) and integrating over [0, 𝑡), 𝑡 > 0, we obtain:

ln
(

𝑁(𝑡)∕𝑁0
)

= 𝑟0𝑡 − 𝑑 ∫

𝑡

0
𝐼(𝑠)𝑑𝑠 − 𝜆∫

𝑡

0
𝑁(𝑠)𝑑𝑠, (12)

which, when rearranging and dividing by 𝑡, we have:

(1∕𝑡) ln
(

𝑁(𝑡)∕𝑁0
)

+ 𝜆 ⋅ ⟨𝑁(𝑡)⟩ = 𝑟0 − 𝑑 ⋅ ⟨𝐼(𝑡)⟩. (13)

Then, taking the upper limit on both sides of Eq. (13) and recall-
ing that ⟨𝑁(𝑡)⟩ → 0, we obtain:

lim sup
𝑡→+∞

(1∕𝑡) ln
(

𝑁(𝑡)∕𝑁0
)

= 𝑟0 + lim sup
𝑡→+∞

{−𝑑⟨𝐼(𝑡)⟩}

= 𝑟0 − 𝑑 lim inf
𝑡→+∞

⟨𝐼(𝑡)⟩.
(14)

Furthermore, we know that lim inf 𝑡→+∞⟨𝐼(𝑡)⟩ < 𝑟0∕𝑑, and thus, we
have

lim sup
𝑡→+∞

(1∕𝑡) ln
(

𝑁(𝑡)∕𝑁0
)

> 0, (15)

which is a contradiction, because 𝑁(⋅) is bounded. Therefore, the
conclusion of this theorem is valid.

(b) When, by contradiction, we assume that the population will not
go extinct; that is, lim inf 𝑡→+∞ 𝑁(𝑡) > 0. We can rewrite second
equation of the model (5) as:

⟨𝐼(𝑡)⟩ = 𝛾−1
[

𝛼⟨𝐹 (𝑡)⟩ + ⟨𝛽(𝐼)𝑁(𝑡)⟩ − (𝐼(𝑡) − 𝐼0)∕𝑡
]

. (16)

Then, replacing Eq. (16) in Eq. (13), we obtain:

(1∕𝑡) ln
(

𝑁(𝑡)∕𝑁0
)

+ 𝜆⟨𝑁(𝑡)⟩
−1 [ ] (17)
= 𝑟0 − 𝑑𝛾 𝛼⟨𝐹 (𝑡)⟩ + ⟨𝛽(𝐼)𝑁(𝑡)⟩ − {𝐼(𝑡) − 𝐼0}∕𝑡 ,
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Fig. 1. Survival analysis using isocline intersections. (A) The population experiences noise produced by two sources. The first, an anthropogenic source represented by the constant
function 𝐹 (𝑡) = 𝐹0 > 0 (green line). The second, the biological source, which is noise self-generated by the singing of conspecifics experiencing the Lombard effect represented by
the increasing function 𝛽(𝐼) = 𝛽∗𝐼∕(𝐼 + 1) with 𝛽∗ < 𝐹0 (solid curve with horizontal axis 𝐼). The increasing function 𝛽♢ shows the behavior of 𝛽, when an individual can sing at
its maximum intensity over the anthropogenic noise intensity, i.e. 𝛽∗ > 𝐹0 (dashed curve with horizontal axis I). (B) When 𝐹0 < 𝑟0𝛾∕𝛼𝑑 there is a point 𝐸1 of intersection between
he isoclines 𝑁1(𝐼) = (𝑟0 − 𝑑𝐼)∕𝜆 (blue line) and 𝑁2(𝐼) = (𝛾𝐼 − 𝛼𝐹0)(𝐼 + 1)∕𝛽∗𝐼 (red line), which represents a global attractor of the model. Therefore in this case the population
ersists. (C) When 𝐹0 ≥ 𝑟0𝛾∕𝛼 the equilibrium point 𝐸2 represents a global attractor of the model; therefore, in the case, the population goes to extinction.
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and thus, we obtain:

𝑑𝛼⟨𝐹 (𝑡)⟩ = 𝑟0𝛾 − (𝛾∕𝑡) ln
(

𝑁(𝑡)∕𝑁0
)

− 𝛾𝜆⟨𝑁(𝑡)⟩

− 𝑑⟨𝛽(𝐼)𝑁(𝑡)⟩ + 𝑑
{

𝐼(𝑡) − 𝐼0
}

∕𝑡.
(18)

Using the lower limit in Eq. (18), we obtain lim inf 𝑡→+∞⟨𝐹 (𝑡)⟩ <
𝑟0𝛾∕𝛼𝑑, which is a contradiction. □

The conclusions of Theorem 3.3 show that the lower limit of the
nthropogenic noise intensity level must be lower than the 𝑟0𝛾∕𝛼𝑑 value
o maintain persistence at the population mean. If the attenuation of
nthropogenic noise is low (i.e., 𝛼 is larger) and the degree to which
oise affects population 𝑑 is large, the above value tends to decrease. As
he intrinsic growth rate 𝑟0 and noise attenuation 𝛾 increase, the level
f anthropogenic noise that the population can withstand increases.

The following is an example of analyzing the survival of a popula-
ion exposed to constant anthropogenic noise emission.

xample 1. We suppose that the anthropogenic noise intensity is repre-
ented by the constant function 𝐹 (𝑡) = 𝐹0 > 0 and the biological sound
ntensity is represented by 𝛽(𝐼) = 𝛽∗𝐼∕(𝐼 + 1), 𝛽∗ > 0. Model (5) has
wo equilibrium points 𝐸1(𝑁∗, 𝐼∗) with 𝑁∗ > 0, 𝐼∗ > 0 and 𝐸2(0, 𝛼𝐹0∕𝛾),

whose stability analysis leads to the persistence and extinction of the
population respectively.

Note that 𝑁∗ > 0 and 𝐼∗ > 0 satisfy 𝑁∗ = (𝛾𝐼∗ − 𝛼𝐹0)(𝐼∗ + 1)∕𝛽∗𝐼∗
nd 𝐼∗ = (𝑟0 − 𝜆𝑁∗)∕𝑑. The Jacobian matrix of model (5) in (𝑁∗, 𝐼∗) is
iven by

(𝑁∗, 𝐼∗) =
(

−𝑟0 + 𝑑𝐼∗ −𝑑𝑁∗
𝛽(𝐼∗) (𝜕𝛽∕𝜕𝐼(𝐼∗))𝑁∗ − 𝛾

)

(19)

nd characteristic polynomial is given by:
2

5

(𝛿) = 𝛿 − 𝑆𝛿 + 𝑃 , (20) o
here

𝑆 = [(−𝑟0 + 𝑑𝐼∗) + ((𝜕𝛽∕𝜕𝐼(𝐼∗))𝑁∗ − 𝛾)]

= [(−𝑟0 + 𝑑𝐼∗)((𝜕𝛽∕𝜕𝐼(𝐼∗))𝑁∗ − 𝛾) + 𝛽(𝐼∗)𝑑𝑁∗].

hen, the Hurwitz matrix of polynomial (20) is:

(𝑁∗, 𝐼∗) =
(

−𝑆 0
1 𝑃

)

. (21)

pplying the Hurwitz criterion (Barnett and Cameron, 1975), we find
hat polynomial (20) has roots with a negative real part only if 𝑆 < 0
nd 𝑃 > 0; that is, equilibrium point 𝐸1 is asymptotically stable if 𝐼∗ <
0∕𝑑. Analogously, we find that equilibrium point 𝐸2 is asymptotically
table if 𝐼∗ ≥ 𝑟0∕𝑑. These results are consistent with Theorems 3.2 and
.3. In summary we have:

• If 𝐹0 < 𝑟0𝛾∕𝛼𝑑, then the population persists.
• If 𝐹0 ≥ 𝑟0𝛾∕𝛼𝑑, then the population goes to extinct.

he previous result can be observed in Fig. 1 by analyzing the intersec-
ion between the isoclines 𝑁1(𝐼) = (𝑟0 − 𝑑𝐼)∕𝜆, 𝑁2(𝐼) = (𝛾𝐼 − 𝛼𝐹0)(𝐼 +
)∕𝛽∗𝐼 , 𝑁3(𝐼) = 0 and the change in the sign of the rates of change in
he population density and the level of noise intensity experienced by
he population.

. Numerical simulations

In this section, we present numerical simulations to corroborate the
esults obtained in Theorems 3.2 and 3.3. The results can be illustrated
s follows: if the population growth rate and noise attenuation can
ncrease or the degree to which the population is affected by noise is
maller, the population will persist, otherwise, the population will die

ut.
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Fig. 2. Numerical simulations for population survival or extinction with different degrees at which noise affects the population. (A) The noise experienced by the population
arises from two sources. The first, an anthropogenic source represented by the quasi-periodic function 𝐹 (𝑡) = 0.3 cos(𝑡) + 0.2 cos(

√

2𝑡) + 0.6 with 𝑓 ∗ = 1.1. Second, biological sources,
hich is noise self-generated by the singing of conspecifics undergoing the Lombard effect, represented by the increasing function 𝛽(𝐼) = 0.7𝐼∕(1 + 𝐼) with 𝛽∗ = 0.7 (horizontal axis
). (B) When the degree to which noise affects the population is 𝑑 = 0.1, the conditions of Theorem 3.2 are satisfied; therefore, we observe that the population persists. (C) When
he degree to which noise affects the population is 𝑑 = 0.4, the first condition of Theorem 3.3 is satisfied; therefore, we observe that the population persists at its mean. (D) When
he degree to which noise affects the population increases to a level of 𝑑 = 2, the second condition of Theorem 3.3 is satisfied; therefore, we observe that the population moves
owards extinction.
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When the values of the following parameters are 𝑟0 = 1, 𝜆 = 0.5,
= 0.3 and 𝛾 = 0.4, then model (5) will be considered with initial

onditions 𝑁(0) = 1 and 𝐼(0) = 0.1, so that it becomes

𝑁 ′ = (1 − 𝑑 𝐼 − 0.5𝑁)𝑁
𝐼 ′ = 0.3𝐹 (𝑡) + 𝛽(𝐼)𝑁 − 0.4𝐼.

ig. 2 shows the evolution of the dynamics of population density and
he level of noise intensity experienced by the population over time.

. Discussion

There is evidence that chronic exposure to noise can cause changes
n the mortality rates of a population, causing that the effects of noise
ver time can negatively affect the persistence and extinction of a popu-
ation (Sementili-Cardoso and Donatelli, 2021; Babisch, 2002; Filadelfo
t al., 2009; Nedelec et al., 2014; Potvin and MacDougall-Shackleton,
015; Jaeger et al., 2005; Reijnen et al., 1996). In the current research,
e modeled these changes by considering the population mortality rate

o be a function of the population size and the intensity of the noise to
hich the population is exposed.

Our results are consistent with observations that a lower level of
nthropogenic noise intensity is favorable for population survival (Fa-
ina, 2014; Pijanowski et al., 2011a; Slabbekoorn et al., 2018; Kunc
t al., 2016; Kight and Swaddle, 2011; De Vincenzi et al., 2021;
oldbogen et al., 2013; Hildebrand, 2009). Likewise, although the
ombard effect is known to be beneficial in that important acoustic
ignals are not masked by noise, when noise exceeds the permissible
imit, a limit up to which noise has no effect on the population,
bservations indicate that the use of higher intensity acoustic signals
ncreases energetic, behavioral, and predation costs, which could result
n lower ecological fitness, influencing animal survival rates in noisy
6

nvironments (Brackenbury, 1979; Calder III, 1990; Oberweger and
oller, 2001; Warren et al., 2006; Barber et al., 2010; Read et al.,
014; Brown et al., 2021; Swaddle et al., 2015; Farina and Gage, 2017;
ollinger and Brumm, 2015; Brumm and Todt, 2002; Brumm, 2004;
uczkovich et al., 2016; Sementili-Cardoso and Donatelli, 2021). In
ther words, from Theorem 3.2, if an effort is made to reduce the
ntensity level of anthropogenic noise 𝐹 , and the maximum intensity
evel of acoustic signals emitted by conspecifics 𝛽∗, which otherwise
ncreases with respect to noise due to the Lombard effect, then the
opulation will persist. However, according to Theorem 3.3-a, for the
ersistence of the population to remain at the mean, it is sufficient to
educe the anthropogenic noise intensity level, because the maximum
ntensity level of the acoustic signals generated by the population does
ot have a significant impact on the mean population persistence. In
articular, when the degree to which noise affects the population, 𝑑,
s lower, persistence and mean persistence are benefitted (see Figs. 2-B
nd 2-C). Conversely, Theorem 3.3-b indicates that when intensity of
nthropogenic noise is high or the degree to which noise affects the
opulation is greater, the population goes to extinction (see Fig. 2-D).
opulation extinction can also be understood as the displacement or
igration of a population away from an anthropogenic noise source.

Parameter 𝑑, which indicates the degree to which noise affects
he population can be understood to have a negative correlation with
he degree of noise adaptation. Therefore, some species show a con-
iderable degree of adaptation to noisy environments. For example,
nvertebrates show evidence that they are capable of evolutionary
daptation and behavioral plasticity in response to noise sources (Mor-
ey et al., 2014). In addition, animal song plasticity facilitates vocal
djustments that contribute to reduced noise masking (Fernandez-
uricic, 2001; Brumm, 2004; Rheindt, 2003). These adjustments may be
he outcome of physiological adaptations, such as those present in some
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fish that exhibit adaptations, that convey sensitivity to sound pressure.
In fish, these adaptations include having a gas bubble or swim bladder
that is close to or connected to the ear (Schulz-Mirbach et al., 2012).
For instance, the swim bladder of the Atlantic cod (Gadus morhua) is
located near the ear and, when filled with gas, the organism’s sensitivity
to sound pressure is reduced (Sand et al., 1973). However, as the
mechanisms of adaptation to noise are unique for each species, the
manipulation of the parameter 𝑑 is uncontrollable. Therefore, the best

ay to mitigate the effects of noise on a population is to control the
evel of noise intensity of the anthropogenic source.

In conclusion, our model responds to growing concerns about the
ossible effects of noise at the population level. We believe that our
esearch will motivate other researchers to consider the effects of
iological sounds and the Lombard effect on population persistence.
ote that we only analyzed the long-term effects of noise on population
ensity. However, even in the short-term, the population is exposed to
oise, which can have behavioral or physiological effects on the indi-
iduals of a population. To evaluate this, controlled experiments are
equired to measure the parameters that appear during noise exposure.
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